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Cardinal axesa b s t r a c t
Judging the motion of objects is a fundamental task that the visual system executes in everyday life in
order for us to navigate and interact safely with our surroundings. A number of strategies have been sug-
gested to explain how the visual system uses motion information from different points of an object to
compute veridical directions of motion. These include combining ambiguous signals from object contours
via a vector summation (VS) or intersection of constraints (IOC) calculation, pooling information using a
maximum likelihood or tracking object features. We measured the perceived direction of motion for a
range of cross-shaped stimuli (composed of two superimposed lines) to test how accurately humans per-
ceive their motion and compared data to predictions from these strategies.
Crosses of different shapes (deﬁned by the angle between the component lines) translated along 16
directions of motion with constant speed. The crosses either moved along one of their symmetry axes
(balanced conditions with line components equidistant to the direction of motion) or had their symmetry
axis tilted relative to the motion (unbalanced conditions)
Data show reproducible differences between observers, including occasional bimodal behaviour, and
exhibit the following common patterns. There is a general dependence on direction of motion: For all
conditions, when motion is along cardinal axes (horizontal and vertical), perception is largely veridical.
For non-cardinal directions, biases are typically small (<10 deg) when crosses are balanced but large
biases occur (P30 deg) when crosses are tilted relative to their direction of motion. Factors inﬂuencing
the pattern of biases are the shape and tilt of the cross as well as the proximity of its direction of motion
to cardinal axes. The dependence of the biases on the direction of motion is inconsistent with any isotro-
pic mechanisms including VS, IOC, maximum likelihood or feature tracking. Instead, perception is biased
by a number of intrinsic properties of the cross and external references. The strength of these cues
depends on the type, with elongation producing the strongest weight, and their proximity to the direction
of motion. This suggests that the visual systemmay rely on a number of static cues to improve the known
low precision for non-cardinal directions of motion, a process which can, however, result in large percep-
tual biases in certain circumstances.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
It is widely recognized that neurons in the primary visual cortex
respond only to stimulation within a restricted area of the visual
ﬁeld (Hubel & Wiesel, 1968). Those responses can often be at var-
iance with the true direction of motion of an extended object (the
aperture problem; Wallach, 1935). Local motion signals must
therefore be integrated to yield a global veridical solution. One pro-
posal for how the visual system might integrate signals was put
forward by Adelson and Movshon who suggested that a mathemat-ical solution can be based on only two ambiguous component sig-
nals belonging to the same rigidly moving object (the intersection
of constraints, IOC solution; Adelson & Movshon, 1982). However,
it has subsequently been established that the IOC does not match
human perception accurately in all circumstances (Ferrera & Wil-
son, 1990; Lorenceau & Shiffrar, 1992; Nakayama & Silverman,
1988; Shiffrar & Pavel, 1991; Yo & Wilson, 1992). Instead, based
on results with plaids, it was proposed that the visual system
may compute a vector sum (VS) direction for brief presentations
(<60 ms) and only after 150 ms approach an IOC solution for plaids
where the two gratings are on either side of the direction of motion
(type I). For plaids with component gratings on the same side (type
II), perception deviates from the IOC by about 5 deg even for long
presentation times (Ferrera & Wilson, 1990; Wilson, Ferrera, &
Yo, 1992). The temporal aspect of these ﬁndings has been linked
to two processing streams, one responding to ﬁrst-order
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deﬁned) information (Wilson, Ferrera, & Yo, 1992). Longer process-
ing time in the second-order pathway can explain behavioural data
(Wilson, Ferrera, & Yo, 1992). The proposal that short presentation
times preclude the availability of second-order information and
thus result in perception biased towards VS for type II plaids has
been questioned. Bowns (1996) has shown that not all type II
plaids are perceived along the VS and proposed an alternative
model to account for this behaviour (Bowns, 2011).
Another potential way for the visual system to cope with object
motion is to rely on feature signals. Features carry two or three-
dimensional information and it has been suggested that they are
used to disambiguate local/component motion signals (Ullman,
1979a). This proposal has received neurophysiological support:
neurons in MT initially respond to the locally ambiguous contour
of a moving line (aperture problem) but shift their response to
the veridical direction given by the line terminators (features) after
60 ms (Pack & Born, 2001). More recently, studies have demon-
strated that MT cells put a higher weight on feature signals than
contour signals in a barber pole when integrating those signal
across space (Pack, Gartland, & Born, 2004). Features serve several
purposes in vision apart from being directional motion cues. Tradi-
tionally, features have been proposed to play a vital role in ﬁgure–
ground segmentation (Baumann, Van Der Zwan, & Peterhans,
1997; Von Der Heydt, Heitger, & Peterhans, 1993) and motion cap-
ture (Lofﬂer & Orbach, 2003a, 2003b; Pack, Gartland, & Born, 2004;
Shiffrar & Lorenceau, 1990). The presence of feature signals does
not, however, always produce veridical perception as large biases
(up to 35 deg) were reported for single tilted lines, despite the
presence of a feature at each line ending (Lofﬂer & Orbach,
2001). These large biases were restricted to oblique directions of
motion while biases were generally very small for trajectories
along the cardinal axes. Why do we observe such large biases in
perceived direction of motion even if features are available? In this
article, we will address this question by considering the following
two possibilities: (1) the biases are caused by a relative paucity of
feature signals. If that is the case, these biases could be eliminated
if further motion signals were present, for example in the form of a
second line. Adding a second line would add additional feature sig-
nals as well as a second component signal, both of which could be
used by the visual system to reduce biases. (2) If biases cannot be
eliminated when additional motion information is present, does
this point towards a fundamental limitation of the visual system?
In this case, it will be important to investigate the factors that
inﬂuence perceived direction of motion.
2. General methods
2.1. Stimuli
The luminance proﬁles of the stimuli were designed to generate
lines, which appear equally smooth (anti-aliased) regardless of
their orientation. The proﬁle for a vertically orientated line was
mathematically deﬁned as:






The space constants (rx and ry) were chosen to give a line width
of 0.25 deg and length of 4.85 deg. The exponents were assigned
values of 8 and 240 to give line proﬁles and terminations equally
smooth appearances. The contrast C of the line was set to 97%,
i.e. black lines on mid-grey background. By a simple co-ordinate
transformation, any desired orientation, h, can be produced.
The luminance proﬁles for the two lines were calculated inde-
pendently and then added to create a cross. The luminances weretruncated in such a way that the intersection of the two lines
had the same luminance value as the central part of each line. In
all but two control experiments the intersection of the cross was,
however, masked out by applying a circular mask to the centre
of the stimulus, such that the centre part had the same luminance
value as the background to minimize the possibility of observers
tracking a central feature.
Crosses (Fig. 1) translated for 195 ms with a speed of 5 deg/s.
Sixteen different directions of motion were tested: 0 deg (= right),
±27 deg, ±45 deg, ±63 deg, 90 deg (= up), 90 deg (= down),
±116 deg, ±135 deg, ±154 deg, 180 deg (= left). Different cross
shapes were created by varying the angle between the two lines
(20 deg, 45 deg, 90 deg and 120 deg). The experiments consisted
of sets of balanced and unbalanced conditions. In the balanced
case, the direction of motion was aligned with one of the symmetry
axis of the cross (Fig. 1A, top) and therefore the two legs of the
cross were balanced with respect to the direction of motion. The
same cross shapes were used in the unbalanced cases but they
were rotated so that the two legs were not equidistant to the mo-
tion direction and none of their symmetry axes aligned with that
direction (Fig. 1A, bottom).
We adopted the following convention to describe various stim-
ulus conﬁgurations. Each condition will be referred to as ‘‘Cross_-
tilt_angle’’. The ‘tilt’ deﬁnes the orientation of the cross relative to
its direction of motion, the ‘angle’ deﬁnes its shape. The orientation
is given as the angular distance from the motion vector to the clos-
est of the cross’ symmetry axes. For all balanced conditions, the tilt
is zero. Crosses always contain two symmetry axes at the bisectors
of the angle formed by the two line orientations. One of these is the
axis of elongation (Fig. 1; solid green lines), the other is perpendic-
ular to it (dashed green lines). For the special case of a cross com-
posed of perpendicular lines (e.g. Cross_0_90), there is no axis of
elongation but there are two additional symmetry axes along the
lines’ orientations. The ‘angle’ is the angular magnitude between
the two legs measured at the symmetry axis closest to the direc-
tion of motion. Note that all but those crosses with perpendicular
orientations have two different ‘angles’, e.g. a cross with an angle
of 60 deg between the component lines exhibits also an angle of
120 deg between these components. The following balanced condi-
tions were used: Cross_0_20, Cross_0_45, Cross_0_90,
Cross_0_120. Unbalanced conditions were rotated (positive angles
are counter-clock-wise) versions of the same cross shapes:
Cross_37_45, Cross_11_45, Cross_27_90, Cross_40_120,
Cross_40_120.
The data will be discussed in relation to various object axes and
predictions. These include the cross’s symmetry axes (parallel to its
elongation and normal to it), as well as the orientations of the line
components (Fig. 1). The colour codes introduced in Fig. 1 will be
used subsequently to indicate the orientation of these axes (green
dashed and solid lines for the symmetry axes, orange dashed lines
for the line orientations). The predictions for the VS and IOC are
show in Fig. 1B for Cross_0_45 and Cross_37_45. For the balanced
condition (top), the two predictions are the same and consistent
with the veridical direction of motion. For unbalanced conditions
(e.g. Fig. 1B, bottom), the IOC will again predict veridical motion
but the VS can differ substantially from that. For the sample condi-
tion (Cross_37_45), the VS predicts a large negative biases of
40 deg. Straight blue lines in some of the data plots will show
the VS prediction.
2.2. Procedure
At the beginning of the experiment a ﬁxation mark appeared at
the centre of the screen. The observer initiated each trial by a
mouse click. Each cross moved for a total of 195 ms in such a
way that halfway through the movie sequence the target passed
Fig. 1. Stimuli and predictions. (A) Top: Balanced conditions where crosses of different shapes (angle between lines) move along one of their symmetry axes (green line).
Conditions are referred to by the tilt between symmetry axis and motion direction (zero for balanced conditions) and cross shape: Cross_0_120, Cross_0_90, Cross_0_45.
Bottom: Unbalanced conditions where crosses are tilted so that neither of their symmetry axes is aligned with the direction of motion. The tilt is the angular distance between
motion and symmetry axis that is closest to the trajectory, with counter-clockwise tilts being positive. The three conditions are Cross_40_120, Cross_27_90, Cross_37_45. The
data will be discussed in relation to various object axes: the cross’ axis of elongation (green line), the second symmetry axis normal to the elongation (dashed green line) and
the orientations of the two line components (dashed orange lines). (B) Illustration of the predictions of IOC and VS for two sample conditions: a balanced cross (Cross_0_45)
and an unbalanced cross (Cross_37_45) moving up and to the right (26 deg). The small arrows show the motion vectors of the two component lines and the dotted lines
indicate the resulting constraint lines. The IOC (black arrow) is found as the intersection of these lines. The VS is given by the vector summation of the component vectors,
shown by the blue arrow with the diamond arrowhead. For any balanced condition, the VS and IOC predictions will be the same and both veridical. In unbalanced cases, the
IOC and VS will make different predictions. The IOC prediction will be veridical but the VS can deviate substantially. (For interpretation of the references to colour in this
ﬁgure legend, the reader is referred to the web version of this article.)
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two dots appeared, one at the centre of the screen and one posi-
tioned at a random location on a (invisible) circle at a distance of
100 pixels from the centre (3.7 deg). Observers had to adjust (using
the computer mouse) the position of the peripheral dot to indicate
their perceived direction of motion (method of adjustment). After
the adjustment, the ﬁxation marked reappeared and a new trial
could begin. The number of repetitions for each direction of motion
was 30.
2.3. Apparatus
The program that controlled the experiment ran on an Apple
Macintosh G4. The frame refresh rate of the gamma-corrected
monitor (LaCie electron blue 2200) was set to 66.7 Hz and spatial
resolution to 640  480 pixels. A chin and forehead rest was used
to maintain a constant viewing distance of 80 cm. Each pixel sub-
tended 0.037 deg at this distance. To avoid reference cues, the
monitor frame was covered with a white cardboard mask with a
circular aperture of diameter subtending 13.5 deg. The movies
were based on a sequence of frames, each calculated indepen-
dently and prior to the experiments. The programs employed rou-
tines from Pelli’s Videotoolbox (Pelli, 1997).
2.4. Observers
Three experienced psychophysical observers participated in the
experiments. One observer was naive as to the purpose of the
study. Observers had normal or corrected-to-normal vision. Beforeeach session, observers completed a few trials to familiarize them-
selves with the experimental condition. No feedback was given
either during practice or when data were taken.
2.5. Data analysis
Considering the distributions of the biases for individual
observers, it became clear that not all conditions yielded unimodal
distributions. Occasionally, data exhibited bimodalities. Data were
therefore treated with a mode detection technique (Fisher & Mar-
ron, 2001; Silverman, 1952, 1986) using bootstrapping (Efron,
1979; Low, 1983; see Appendix for details). Bimodalities were
present in 9% of all conditions (39/432; 3 observers  9 condi-
tions  16 directions), predominantly for unbalanced conditions
and oblique (non-cardinal) directions. The presence of bimodalities
is shown by two data points for a particular direction of motion.
Minor modes, which were not strong enough to be classiﬁed under
the bimodal test (see Appendix), were removed.
In order to assess differences across conditions, an ANOVA was
conducted with observers, direction of motion, and condition (dif-
ferent tilts) as factors. All subsequent pair-wise comparisons were
carried out by post hoc tests (Bonferroni).
3. Results
3.1. Experiment 1: Balanced crosses
Fig. 2 shows the result for the balanced conditions (Cross_0_20,
Cross_0_45, Cross_0_90, Cross_0_120) for the three observers. Per-
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veridical direction of motion, are shown as a function of the direc-
tion of motion. The data for all observers and conditions show
veridical perception for all cardinal directions (0 ± 90, 180). Biases
for non-cardinal directions are small (<10 deg) for two observers
(CM and GL) and for two of the conditions (Cross_0_20;
Cross_0_120) for the third observer (GG). For the other conditions,
this observer shows biases for directions around the diagonals
(±45, ±135), which can be substantial (30 deg).
Comparing the data for balanced crosses with those measured
for single tilted lines (Lofﬂer & Orbach, 2001; perceptual biases
<5 deg on the cardinal directions and up to 30 deg for oblique
directions), shows that for most combinations of two lines, biasesFig. 2. Perceptual biases for balanced conditions (motion along symmetry axis), for f
Cross_0_120 – black) and three observers as a function of the direction of motion. The ic
Positive biases are CCW, negative biases CW and zero bias indicates veridical perception.
motion is along cardinal directions. Non-cardinal motions show small biases (<10 de
Cross_0_120) for the third observer (GG). This observer exhibits substantial biases for the
the references to colour in this ﬁgure legend, the reader is referred to the web version ofor oblique motions can be substantially reduced. If the reduction
in bias was dependent upon an increase in motion information (a
second contour and additional features), we should expect similar
reduced biases for unbalanced conditions.
3.2. Experiment 2: Unbalanced crosses
We next investigated the effect of tilt by comparing biases for
identical cross shapes that are either balanced (Cross_0_120) or
unbalanced: rotated by 40 deg clock- or counter-clockwise
(Cross_40_120 and Cross_40_120).
Consistent across the three observers (Fig. 3), the balanced con-
dition (Cross_0_120; grey symbols; re-plotted from Fig. 2) showsour cross shapes (Cross_0_20 – blue; Cross_0_45 – unﬁlled; Cross_0_90 – grey;
ons on the right show each condition for one sample direction of 0 deg (horizontal).
Irrespective of the cross shape, perception is close to veridical for all observers when
g) for two observers (CM, GL) and for some of the conditions (Cross_0_20 and
other cross shapes especially for diagonal motions (±45, ±135). (For interpretation of
f this article.)
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unbalanced conditions (Cross_40_120: black symbols;
Cross_40_120: open symbols) produce substantial biases. Biases
for the unbalanced crosses show a dependence on direction of mo-
tion with small biases for cardinal directions (especially along the
horizontal, 0 and 180 deg).
It is obvious that the three conditions show different biases
(F2,3928 = 596.17.41; p < 0.0001). If biases depended purely on the
axis of motion irrespective of the shape and tilt of the moving stim-
ulus, one would expect little difference between data for the bal-
ance and unbalanced conditions but this is clearly not the case.
On the other hand, if observer biases were determined by any of
the intrinsic properties of the cross (e.g. the orientations of theFig. 3. Data for the same cross shape in balanced (Cross_0_120, grey data points) an
conditions. The icons within the top ﬁgure show the two unbalanced conditions for
Cross_40_120. Compared to the balanced condition (biases typically <10 deg), the unbala
Cross_40_120 translating along +45 deg (up and to the right) shows a bias of +25 deg co
conditions, biases show a clear dependence on the direction of motion: biases are absen
biases are positive for Cross_40_120 and negative for Cross_40_120. This corresponds
+20 deg for Cross_40_120 and at20 deg for Cross_40_120) and/or the cross elongation.
(p < 0.01), 26 deg (p < 0.005), 116 deg (p < 0.03). Cross_40_120: 154 deg (p < 0.04). Cross_
(For interpretation of the references to colour in this ﬁgure legend, the reader is referrecomponent lines, the positions of the symmetry axes or the elonga-
tion of the cross), the resulting biases for the two unbalanced con-
ditions should be in opposite directions (i.e. mirror-images of each
other in Fig. 3). For example, if observers were biased towards the
axis of elongation, we would expect positive biases for
Cross_40_120 and negative biases for Cross_0_120. Ignoring car-
dinal directions, for all three observers the black symbols
(Cross_40_120) are typically shifted upwards (positive), relative
to the grey symbols for the balanced condition (Cross_0_120).
Biases for the opposite tilt (Cross_40_120) are in the opposite
direction and typically shifted downwards (negative). Post-hoc
tests show that biases for Cross_40_120 are positive compared
to the balanced condition in 11/16, 7/16 and 9/16 directions ford unbalanced (Cross_40_120: black symbols and Cross_40_120: open symbols)
0 and 90 deg motion, those above the data for Cross_40_120, those below for
nced cases yield substantial biases for all observers. For example, observer GG for a
rresponding to a perceived direction of 70 deg (towards vertical). For the unbalanced
t or small for cardinal but not for non-cardinal directions. In the majority of cases,
to a bias towards the closest leg of the cross (shown by the dashed orange line at
Bimodalities were found for the following conditions: CM: Cross_40_120:90 deg
40_120: 154 deg (p < 0.001). GL: Cross_40_120: 116 deg (p < 0.04), 26 deg (p < 0.04).
d to the web version of this article.)
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Cross_40_120, which produces negative biases for 10/16, 6/16
and 9/16 directions of motion.
This pattern of bias is consistent with a general attraction to-
wards the closest component line (shown by the dashed orange
line at +20 deg for Cross_40_120 and at 20 deg for
Cross_40_120) and/or towards the cross elongation. The biases
for the two opposite tilts do not, however, exhibit a strong symme-
try. The mirror symmetry of the stimuli (with respect to the verid-
ical direction of motion) does not appear to produce a similar
symmetric perceptual pattern. This may suggest that in addition
to a bias towards intrinsic aspects of the crosses (e.g. elongation),
other factors inﬂuence perceived direction of motion (see Section 4
for biases towards cardinal reference axes).
3.3. Experiment 3: Elongation versus line component
Substantial biases occur for translating crosses in particular
when they move along non-cardinal directions. The precise pattern
and the magnitude of biases differs between observers. Given the
idiosyncratic aspect, we aimed to ascertain if biases would be sim-
ilar for individual observers when similar but not identical condi-
tions were used. A second aim of the next experiment was to
investigate the factors that inﬂuence perception. In the preceding
experiment, biases were often towards the axis of elongation
and/or the closest line orientation. This experiment contrasts the
effect of these two features.
We considered three conditions: one balanced (Cross_0_45;
Fig. 4 grey symbols re-plotted from Fig. 2) and two unbalanced
(Cross_11_45 and Cross_37_45). The three share the same cross
shape but one of the unbalanced conditions (Cross_37_45; Fig. 4
black symbols) has the elongation and the closest line component
on the same side of the motion trajectory while they are equidis-
tant and on opposite sides for the other (Cross_11_45; open sym-
bols). By putting elongation and line orientation in opposition,
biases may reveal a preference for one over the other. For clarity,
predictions are only shown for one of the unbalanced conditions
(Cross_37_45) in Fig. 4. The three predictions are for a constant
bias (+15 deg; orange dashed lines) towards the closest leg orien-
tation, the cross’s elongation (+37 deg; green lines) and the predic-
tion of a vector summation over the motion signals from the two
leg components (40 deg; blue lines).
The unbalanced condition where both object axes (elongation
and leg orientation) are rotated CCW relative to the direction of
motion (Cross_37_45) shows predominantly CCW biases (positive).
Post hoc tests conﬁrm signiﬁcant positive biases for 7/16 directions
(GG), 10/16 (CM) and 8/16 (GL) compared to the balanced condi-
tion. The magnitude of many of these biases is close to the orange
dashed line, the closest of the two component orientations. This is
consistent with observers perceiving the cross sliding along one of
its leg’s orientations. It is obvious that observed biases are nowhere
close to the prediction of a vector summation (see Section 4).
To test the relative contributions of elongation and leg orienta-
tion directly, the balanced cross was rotated CCW by 11 deg
(Cross_11_45) placing the axis of elongation at +11 deg and the ori-
entation of the line at 11 deg relative to the motion direction.
Biases are signiﬁcantly different from the balanced condition
(F1,2743 = 433.98; p < 0.0001), but they are generally smaller than
for Cross_37_45. Post hoc tests conﬁrm signiﬁcant positive biases
for 10/16 directions (including 3 cardinals; GG), 8/16 (2 cardinals;
CM) and 6/16 (GL). These positive biases are towards the elonga-
tion and opposite of what would be expected if perception was at-
tracted towards the orientation of the closest leg.
One of the conditions (Cross_37_45) can be used to determine
how perception depends on small changes with regards to the
stimulus. This condition is similar to one of the conditions in thesecond experiment (Cross_40_120). The two conditions differ
slightly in the shape of the cross (45 deg vs. 60 deg between the
legs) as well in the angular distance to the axis of elongation
(37 deg vs. 50 deg). In the absence of strong perceptual non-lin-
earities, a small stimulus manipulation should result in small per-
ceptual changes and this is evident from the data. There is a strong
similarity between the two conditions, including the occurrence of
bimodalities (CM: directions of +26 deg and +116 deg). This shows
that the individual biases are robust and reproducible and argues
against substantial random, trial-by-trial variations in judging
the direction of motion.3.4. Experiment 4: Crosses without elongation
The results from the previous experiments suggest that elonga-
tion plays an important role in biasing the perceived direction of
motion when motion is along oblique axes. All crosses, so far, con-
tained an axis of elongation, which coincided with one of its sym-
metry axes. The question we aimed to address in this experiment is
whether elongation was a necessary requirement for biases to oc-
cur. To investigate this, we ran two conditions with crosses com-
posed of two perpendicular lines. Unlike other cross shapes, this
results in four axes of symmetry, two parallel to the orientation
of the legs as well as two along the angle bisectors. As before, we
compared perception for a balanced case (Cross_0_90), where the
trajectory is aligned with one of the angle bisectors, with an unbal-
anced condition where the cross was rotated 27 deg CCW
(Cross_27_90). The latter case has its two closest symmetry axes
relative to the trajectory at 18 deg and +27 deg. The data are
illustrated in Fig. 5.
For the unbalanced case (black symbols), biases are small for
cardinal directions but can be substantial for oblique directions.
These biases are typically negative and compared to the balanced
case (grey symbols; re-plotted from Fig. 2) predominantly shifted
CW (towards negative values). The difference between the two
conditions is signiﬁcant (F1,2699 = 315.81; p < 0.0001). Post hoc
tests conﬁrm signiﬁcant negative shifts in biases for 8/12 (GG), 9/
12 (CM) and 7/12 (GL) of the non-cardinal directions. This is con-
sistent with a bias towards the closer of the two symmetry axes,
which is along the orientation of one of the lines (dashed orange
line). There are two notable exceptions for one of the observers
(CM). Biases are positive rather than negative for directions of
116 deg and 154 deg. In these cases, perception is consistent with
an attraction to the other symmetry axis, which is at +27 deg and
shown by the green line.3.5. Experiment 5: The effect of the cross intersection
Given the variance of the data across observers and conditions,
it is important to investigate their reproducibility. We have already
pointed out that the physical similarities of two conditions
(Cross_40_120 and Cross_37_45) are reﬂected in the perceptual
data (compare black symbols in Figs. 3 and 4). These conditions
were completed in different experimental sessions on different
days. Further evidence that the biases are reproducible comes from
a control condition (Fig. 6). The aim of this control was to deter-
mine the effect of the intersection of the two component lines. In
all preceding experiments, the intersection was always masked
out. Here, it was visible. Two of the observers ran one condition
each and the data with and without intersection show a remark-
able overlap. This indicates that the visibility of the feature created
by the intersection does not affect the results. Moreover, it reaf-
ﬁrms the repeatability of the data.
Fig. 4. Data for a 45 deg cross for three different conditions: one balanced (Cross_0_45, grey data points) and two unbalanced where the cross is tilted CCW by 37 deg
(Cross_37_45: black symbols) or CW by 11 deg (Cross_11_45: open symbols). The balanced condition shows small biases <10 deg. When the cross is rotated CCW
(Cross_37_45) the majority of the non-cardinal directions show positive biases (shifted upwards, CCW). This is consistent with a perceptual attraction towards either the
closest line orientation or the axis of elongation. When these two are on opposite sides (Cross_11_45), biases are reduced and typically positive, towards the elongation. For
clarity, predictions are only shown for Cross_37_45: a constant bias (+15 deg; orange dashed lines) towards the closest leg’s orientation, a bias towards the cross’s elongation
(+37 deg; green lines) and vector summation (40 deg; blue lines). The following directions for observer CM were bimodal: Cross_37_45: 90 deg (p < 0.003), 26 deg
(p < 0.001), 116 deg (p < 0.01), 154 deg (p < 0.02). (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)
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So far, we have presented observers’ subjective estimates of the
direction of motion, given by the mean (peak) of the response dis-
tributions (see Appendix). This is an accuracy measurement and
shows the direction in which observers, on average, perceive the
crosses motion. It does not provide information about the precision
of the judgement, i.e. the spread of the estimates. It is of interest to
determine the precision for different conditions to ascertain if it
follows the typical pattern for motion perception (high precision
for cardinal directions and low precision for non-cardinals; the ob-
lique effect). It will further show any correlation between the mag-
nitude of the biases and observer sensitivity. We calculated theprecision of the motion judgements as the standard deviation
(±SEM) of the subjective estimates separately for cardinal and
non-cardinal directions for different observers and different cross
conﬁgurations. These are given in Table 1.
The precision of direction judgements shows the expected pat-
tern where sensitivity is substantially higher for cardinal compared
to non-cardinal directions. On average, the sensitivity for cardinal
directions is 2.27 ± 0.24 deg (CM = 1.90 ± 0.20 deg; GL = 2.20 ±
0.13 deg; GG = 2.7 ± 0.69 deg), compared to 8.24 ± 0.57 deg
(CM = 7.76 ± 1.01 deg; GL = 6.68 ± 0.73 deg; GG = 10.3 ± 0.91 deg)
for non-cardinals. This equates to a four times higher sensitivity
for cardinal compared to non-cardinal directions, in agreement
with the oblique effect.
Fig. 5. Data for a non-elongated cross composed of two perpendicular lines, either balanced (Cross_0_90; grey symbols) or rotated CCW by 27 deg (Cross_27_90; black
symbols). This cross has a symmetry axis at 18 deg (parallel to one of the lines) and one at +27 deg (along the angle bisector) shown by the dashed orange and solid green
line respectively. For the unbalanced condition, biases are small for the cardinal directions. Oblique directions show typically negative biases. Biases are mainly shifted CW
(towards negative values) compared to the balanced condition. This is consistent with a bias towards the closest of the cross’ symmetry axes (orange line). See text for further
discussion including exceptions to this general description. Two bimodalities were found for GL: direction 154 deg (p < 0.04) and63 deg (p < 0.04). (For interpretation of the
references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)
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unbalanced conditions. For cardinal directions, sensitivity is on
average 2.01 ± 0.10 deg (CM = 2.25 ± 0.11 deg; GL = 2.00 ±
0.07 deg; GG = 1.76 ± 0.24 deg) for balanced conditions and
2.48 ± 0.45 deg (CM = 1.62 ± 0.31 deg; GL = 4.30 ± 0.22 deg; GG =
3.46 ± 1.21 deg) for unbalanced. For non-cardinal directions, sensi-
tivity is 7.48 ± 0.86 deg (CM = 6.23 ± 0.40 deg; GL = 5.23 ± 0.93 deg;
GG = 10.98 ± 0.91 deg) for balanced and 8.86 ± 0.76 deg
(CM = 8.98 ± 1.58 deg; GL = 7.84 ± 0.73 deg; GG = 9.78 ± 1.58 deg)
for unbalanced crosses.
Overall, this does not seem to support the possibility that biases
(accuracy) are intrinsically linked to sensitivity (precision). For car-
dinal directions, when observers are accurate (small biases) they
are also precise (small standard deviation). For non-cardinals,
stronger biases coincide with higher standard deviations. However,
the substantially stronger biases for unbalanced compared to bal-anced conditions are accompanied by only marginally poorer
precision.4. Discussion
The aim of this study was to determine if large perceptual
biases observed when tilted lines are moving along oblique direc-
tions (Lofﬂer & Orbach, 1999) would be reduced or absent with less
minimalistic stimuli. To this end, a second line was added to form a
range of cross shapes. Our results show that perception can be
veridical with these stimuli if the crosses are oriented so that
one of their axes of symmetry is aligned with the cross’ trajectory.
However, biases do not disappear with crosses. Large perceptual
biases (P30 deg) occur when crosses are misaligned with their
direction of motion (unbalanced). The set of experiments has
Fig. 6. The role of the cross intersection. The red data points show biases when the intersection created by the two component lines was masked out. The blue data points
show the same condition with the intersection visible. The condition for one observer was balanced (GG, top, Cross_0_90), for the other it was unbalanced (GL, Cross_40_120).
Biases for the two observers and conditions are largely independent of the visibility of the intersection. (For interpretation of the references to colour in this ﬁgure legend, the
reader is referred to the web version of this article.)
Table 1
The data show the sensitivities for all cross conditions, calculated as the standard deviation (±SEM) of the subjective estimates for cardinal and non-cardinal directions for the
three observers.
Condition Cardinals
r (deg) ± SEM
Non-cardinals
r (deg) ± SEM
CM GL GG CM GL GG
Cross_0_90 2.5 ± 0.3 2.0 ± 0.2 1.6 ± 1.2 6.7 ± 0.3 4.4 ± 0.2 13.7 ± 2.3
Cross_0_20 2.0 ± 0.1 1.9 ± 0.1 1.5 ± 0.1 5.2 ± 0.2 4.2 ± 0.2 10.0 ± 0.3
Cross_0_45 2.4 ± 0.3 1.9 ± 0.1 1.5 ± 0.1 7.0 ± 0.3 8.0 ± 0.4 10.0 ± 0.8
Cross_0_120 2.1 ± 0.2 2.2 ± 0.1 2.5 ± 0.2 6.0 ± 0.3 4.3 ± 0.2 10.2 ± 0.3
Cross_40_120 1.9 ± 0.3 2.2 ± 0.2 1.2 ± 1.0 5.6 ± 3.8 8.3 ± 0.4 8.6 ± 0.6
Cross_+40_120 2.1 ± 1.3 3.0 ± 0.5 1.6 ± 0.6 10.5 ± 2.2 10.2 ± 0.4 15.4 ± 0.7
Cross_11_45 1.2 ± 1.2 2.5 ± 0.2 6.9 ± 0.5 6.4 ± 0.3 6.8 ± 0.3 7.7 ± 0.9
Cross_37_45 0.8 ± 0.2 2.3 ± 0.9 5.0 ± 0.3 9.0 ± 0.6 7.3 ± 0.3 8.5 ± 0.7
Cross_27_90 2.1 ± 0.7 1.8 ± 1.0 2.6 ± 0.6 13.4 ± 1.5 6.6 ± 0.6 8.7 ± 0.5
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shape of the cross, its tilt and the direction of motion.
The dependence on the motion trajectory rules out a number of
isotropic mechanisms, which make the same prediction for a given
cross conﬁguration independent of the direction of motion. Firstly,
computations based on a vector summation (VS) of the motion sig-
nals from the line components can be rejected. VS has been used
successfully to describe perception in a range of motion studies
with plaids (Wilson, Ferrera, & Yo, 1992; Wilson & Kim, 1994; Yo
& Wilson, 1992) but its prediction does not depend on the absolute
direction of motion (i.e. it is an isotropic model). In addition to
being unable to explain the dependence on the absolute directionof motion, VS also fails to capture the magnitude of the biases
where they occur. This is perhaps best seen in Fig. 4 (Cross_37_45)
where the blue line shows the prediction of VS. VS would predict a
perceived direction of 40 deg while the majority of the biases are
positive, on the opposite side of veridical. Another isotropic mech-
anism can be ruled out: the prediction made by the IOC (Adelson &
Movshon, 1982) is also independent of the direction of motion.
Irrespective of the shape, for any rigid object such as the crosses
used here, the IOC always predicts veridical motion, which is at
variance with the observed biases.
Recently, a model was proposed which can correctly predict the
perceived direction of motion of a range of type I and type II plaids
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(rather than the motion energy) of the component gratings and
analysing the displacement of the intersections of the two compo-
nent orientation lines over time to compute the direction of mo-
tion. This allows the model to account for different perceived
directions, e.g. a shift from VA to IOC with increasing presentation
time for some type II plaids, consistent with experimental data.
With regards to our data, this model contains two attractive fea-
tures. First, bimodal behaviour may be accommodated by a model,
which can predict multiple directions for the same stimulus conﬁg-
uration. Second, the model relies on extracting static information
(i.e. orientation) from a movie sequence and this may be extended
to predict a percept, which is inﬂuenced by static aspects (e.g. sym-
metry axis) of a moving stimulus. However, the model is isotropic
and would make predictions that are invariant with regards to
stimulus rotation and this is clearly inconsistent with our data.
It is not obvious if one should expect similar data for crosses
and corresponding plaids (where the component grating orienta-
tion matches that of the crosses’ line components). Crosses and
plaids differ in their spatial frequency content. Furthermore, the
components of the crosses have end-points, which carry the verid-
ical 2D motion signal of the cross whereas the component gratings
of a plaid lack 2D signals. This may result in perceptual differences.
Comparing our data to those with high contrast rhombi, which are
similar to our crosses as they contain 2D feature information at
their corners and ambiguous signals at their sides, shows that mo-
tion is perceived veridically (IOC) when the stimuli move along
cardinal directions (Weiss, Simoncelli, & Adelson, 2002). This is
inconsistent with plaids. For example, the rhombi in Weiss, Simon-
celli, and Adelson (2002) correspond to type II plaids, which are
perceived towards the VA rather than along the IOC (Ferrera & Wil-
son, 1990). Hence, our results with high contrast crosses are con-
sistent with rhombi but not plaids: perception is veridical (IOC)
for cardinal trajectories. However, perception for motion along a
range of cardinal and non-cardinal axis has not been measured sys-
tematically for rhombi or plaids. Therefore, it remains to be seen if
anisotropic biases for other stimuli occur and if they are similar to
those measured with crosses.
Apart from VS and IOC, other strategies have been proposed to
describe the pooling of motion signals. These include a winner-
take-all computation (Anstis, 2009; Ferrera, 2000; Zohary et al.,
1996) and an estimation of maximum likelihood (Jazayeri and
Movshon, 2006; Webb et al., 2011; Weiss, Simoncelli, & Adelson,
2002). These have been successfully applied to a range of empirical
studies, including various random-dot kinematograms, type I and
type II plaids and their dependence on contrast, grating orienta-
tion, presentation time and component speeds. These models have
a number of attractive features with regards to our experimental
results but one essential shortfall. As for attractive features, models
have been shown to be consistent with e.g. a switch from an aver-
age direction to winner-take-all (Zohary et al., 1996), or a switch
from VA to IOC (Weiss, Simoncelli, & Adelson, 2002; Jazayeri and
Movshon, 2006; Webb et al., 2011). Being able to predict shifts in
perception is promising as our data show different precepts
depending on the details of the stimuli and their axis of motion.
For example, a winner-take-all computation applied to our crosses
could result in biases towards each of the two lines of the cross or
towards the feature motion (veridical). A shift from VA to IOC,
depending on the relative orientation of the components (Weiss,
Simoncelli, & Adelson, 2002), may account for differences between
cross conditions (e.g. due to different relative line orientations).
However, neither of these models depends on the axis of transla-
tion and their isotropic nature is their main shortfall in explaining
our results.
It has been proposed that the visual system favours smooth
velocity ﬁelds and slow motions (Hildreth, 1984; Hildreth & Koch,1987; Weiss, Simoncelli, & Adelson, 2002). For lines, motion sam-
ples taken at line segments would be slower (the aperture prob-
lem) than those taken at the line-endings, and one may expect
biases towards the line’s orthogonal. The results presented here
are inconsistent with this. Biases are towards the cross elongation
and not towards the slowest velocity components, i.e. along direc-
tions normal to the component lines. Computations based on ob-
ject features (Lofﬂer & Orbach, 1999, 2003a; Lorenceau & Shiffrar,
1999; Lorenceau, Zago, & Shiffrar, 1996; Shiffrar, Li, & Lorenceau,
1995; Ullman, 1979b) also fail to predict the data. Features carry
veridical motion signals in the case of rigid objects and, just like
IOC, should predict perception to be unbiased.
In summary, models that have been proposed for 2D motion are
generally isotropic and will fail to predict the strong anisotropic
nature of our results. It remains to be seen if these models can
be adapted to make predictions that depend on the axis of transla-
tion as well as the stimulus conﬁguration and if any of them can
predict a diversity of perceptual biases and bimodal behaviour.
Our data should provide a solid benchmark for any future model.
It is surprising that a host of motion signals, including the sig-
nals from the two component lines and multiple features, are
insufﬁcient to allow the visual system to compute motion veridi-
cally. We will next consider a number of static properties of the
crosses, which we believe may bias perception when motion is
along non-cardinal trajectories. In this sense, the importance of
features in this paper is not linked to the veridical motion signals
they can provide but to their role in deﬁning axes (e.g. symmetry
and elongation) as part of an object. Features may therefore play
an indirect role in these biases, but instead of aiding accurate mo-
tion perception, they bias it.
4.1. The role of intrinsic object attributes
Given that none of the standard motion models appears able to
predict the data, we turned our attention to intrinsic aspects of the
stimuli. As biases show a dependence on the shape and tilt (object
orientation) of the crosses, it may be that intrinsic properties such
as elongation and line orientation are, at least in part, responsible
for the observed biases. There is also an obvious dependence on the
absolute direction of motion (cardinals are mostly perceived with
small biases), which will be discussed below.
We ﬁrst consider if attraction towards any of the object axes is
consistent with the data. The predominantly positive biases for
non-cardinal directions for a Cross_37_45 (Fig. 4) indicates an
attraction towards two intrinsic properties: the component line
(leg orientation) closest to the motion direction and/or the closest
symmetry axis along the cross’ elongation. To differentiate be-
tween attractions to these two, they were placed on opposite sides
of, and equidistant to, the motion axis (Cross_11_45). The data
(Fig. 4) show a predominant bias towards the axis of elongation,
suggesting that attractions to the two axes do not cancel but rather
that elongation exerts a stronger attraction than line orientation.
We next considered a case without elongation (Fig. 5,
Cross_27_90). Biases occurred, conﬁrming that elongation is not
required, and were mainly towards the symmetry axis closest to
the direction of motion. Another set of conditions (Fig. 3, Cross
_40_120 and Cross_40_120) allowed a comparison of the relative
strengths of the two symmetry axes that fall along the angle bisec-
tors. One of these is the axis of elongation, the other perpendicular
to it. Biases were typically towards the axis of elongation even if
the perpendicular axis was closer to the motion vector. Hence,
whenever motion is along non-cardinal directions, perception
can be biased towards a number of intrinsic object axes. Biases
show a dependence on the proximity of the axis relative to the
direction of motion as well as on the type of axis, with the axis
of elongation exerting the strongest weight.
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pects in shape perception. They are thought to provide implicit
axes of reference for describing the spatial relations of object parts
and an object’s global orientation (Marr & Nishihara, 1978). Several
studies have found evidence that theses axes play a major role in
the perception of 2D shapes (Humphreys, 1983; Humphreys &
Qunilan, 1988; Sekuler, 1996). Shapes with a salient axis of orien-
tation result in the same description across different orientations
whereas shapes without a salient axis are likely to give different
descriptions depending on their orientation.
Elongation and symmetry have also been shown to affect mo-
tion perception. Morikawa (1999) investigated the effect of these
factors on the perceived direction of polygons. Shapes were sym-
metric or asymmetric, with and without elongation, aligned or
tilted relative to their direction of motion, which was restricted
to oblique axes (±30 deg and ±45 deg relative to vertical). Asym-
metric shapes did not cause systematic biases but biases were seen
for symmetric polygons. Biases were also observed for shapes with
elongation and were strongest for small tilts but decreased or even
vanished for tiltsP20 deg. The magnitudes of the biases never ex-
ceeded about 11 deg. In agreement with Morikawa (1999), we ﬁnd
an attraction towards the symmetry axes and axis of elongation.
However, based on a more detailed and systematic investigation
(several axes of translation, several axes of symmetry, different
shapes and tilts), we ﬁnd a more complex story. Firstly, biases in
our study were often larger (up to 30 deg) than reported for poly-
gons (611 deg). Secondly, we found biases to show an additional
dependence on the references axis (cardinal references, see below).
Thirdly, our study suggests that intrinsic object properties other
than symmetry axes, such as the orientation of a component line,
can inﬂuence perception. Together, the biases we measure are
not just determined by symmetry or elongation but depend on a
number of factors, each of which has its own inﬂuence on percep-
tion with strength depending on their proximity to the direction of
motion.
4.2. The role of the cardinal references axes
It is clear that no intrinsic object feature could fully capture the
pattern of biases because biases show a dependence on the direc-
tion of motion. This is most obviously seen when comparing cardi-
nal with non-cardinal directions, the former typically perceived
veridically but the latter often showing substantial biases. Superior
performance for cardinal axes compared to oblique axes is a com-
mon property in object (Appelle, 1972; Heeley & Buchanan-Smith,
1990, 1992; Li, Peterson, & Freeman, 2003; Li & Westheimer, 1997)
and motion perception (Flinn & Watamaniuk, 1997; Gros, Blake, &
Hiris, 1998; Heeley & Buchanan-Smith, 1992; Raymond, 1994).
Even when motion is not along cardinals, cardinal reference axes
can inﬂuence perception. A few studies have suggested that cardi-
nal axes repulse moving random dot patterns when motion is close
to the cardinals (Rauber & Treue, 1998, 1999). The magnitude of
this reference repulsion is generally small with a dependence on
stimulus duration. For short presentation times like those used
here, it is <3 deg (Rauber & Treue, 1998, 1999). The extent of our
biases is an order of magnitude larger than that. Moreover, our
data show instances of reference attraction, rather than repulsion.
There were several cases, where perception is not biased in the
direction of the closest object axis but rather towards the closest
cardinal reference. This is evident when the direction of motion
is close to a cardinal (e.g. 26 deg above or below the horizontal).
For example, observer GG in condition Cross_40_120 shows posi-
tive biases for all but four directions (Fig. 3), consistent with biases
towards the axis of elongation and/or closest line. The four excep-
tions (154, 63, 26 and 116) show negative biases of about
10 deg. In all these cases, the elongation of the cross and the clos-est cardinal axis lie on opposite sides of the motion axis. If observ-
ers were attracted to the cardinals when an object moves close to
them, this would explain a shift from a general attraction towards
the elongation of the cross to an attraction towards e.g. the hori-
zontal for a trajectory of +26 deg (slightly above the horizontal).
Similar biases towards the closest cardinal, rather than towards
elongation, are seen for observer CM (Cross_40_120; directions
of 154, 26 and 116 deg; Cross_40_120; directions of 116, +63
and +154 deg). It is of note that three of these conditions
(Cross_40_120, directions 26 and 116 deg; Cross_40_120, direc-
tion +154 deg) show bimodal behaviour with biases towards the
cross’ elongation as well as towards the closest cardinal axis. Ob-
server GL also shows an inﬂuence of the cardinal reference axes.
Biases for Cross_40_120 are strongest when motion is around
135 deg and 45 deg with smaller biases for the two other oblique
directions (45 deg and 135 deg). These directions differ with re-
spect to the relative position of the elongation of the cross and
the closest cardinal reference. Elongation and cardinal are on oppo-
site sides of the motion trajectory when biases are small but on the
same side when they are large.
Attraction to the cardinals is also seen in Fig. 4. The majority of
biases for Cross_37_45 are positive, towards the cross elongation.
The few exceptions, with negative biases, occur whenmotion is close
to the cardinals and the cardinal axis is on the opposite side to the
elongation: GG for 154 and +26 deg; CM for +26 and +116 deg.
One of the observers (CM) exhibits bimodal behaviour for these two
directions with additional peaks close to +15 deg. Where data show
bimodal behaviour, this is consistent with a trial-by-trial switch of
attraction towards either cardinal reference or object axes when they
were placed on opposite sides of the motion direction.
The overall biases can therefore be explained by a combination
of various attractive forces: those related to the object (its symme-
try, elongation and component lines) as well as external references
(cardinals). Their relative contributions depend on their proximity
to the motion trajectory. Differences between individual observers
may reﬂect idiosyncratic weights but these weights appear largely
ﬁxed as similar conditions performed on different days yield sim-
ilar patterns of biases.4.3. Bimodalities
Multi-modal behaviour has been reported in physiological stud-
ies. Recordings from monkey V2 and V3 have shown cells which
are bimodal or even trimodal with regards to their orientation tun-
ing (Anzai, Peng, & Van Essen, 2007; Hedge & Van Essen, 2000; Ito
& Komatsu, 2004; Von Der Heydt & Peterhans, 1989). However, bi-
modal behaviour is not commonly reported in studies on motion
perception. Often, perception is considered to be unimodal and
behavioural data assumed to be drawn from such a distribution.
Given that we have considered different attracting forces that
may each bias perception, we thought it important to test the data
for bimodalities, especially in those cases where two attracting
axes were on opposite sides of the motion direction. This has re-
vealed a number of bimodal conditions, consistent with a hypoth-
esis of multiple, independent inﬂuences. The analysis required two
modes to be clearly separated and each to contain a sufﬁcient
number of data points. This was constrained by the sample size
but it remains possible that further modes may be present reﬂect-
ing additional inﬂuences on the perceived direction of motion.5. Conclusions
Motion studies, in particular those using plaids, have typically
concentrated on how perception depends on parameters such as
grating orientation, contrast and presentation time. Little emphasis
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cross-shaped stimuli, we show a strong dependence on the direc-
tion of motion: perception is veridical as long as movement is
along cardinal axes. When stimuli move along non-cardinal trajec-
tories, substantial biases occur. None of the existing models for
motion perception, in particular IOC, vector sum, maximum likeli-
hood or feature tracking, predict the anisotropic aspect of these re-
sults. The pattern of bias shows a complex dependence on a
number of factors including the shape of the cross, its tilt relative
to the direction of motion and the proximity of its direction to car-
dinal axes. These results suggest that the visual systemmay rely on
a range of static cues to improve the known low precision for non-
cardinal directions of motion, a process which can, however, result
in large perceptual biases.
We do not seem to experience huge perceptual biases in real
life. There are several reasons why this may be. In real life we tend
to use eyes and head movements to pursue and track objects with
high accuracy. Also we often have several reference axes and gen-
erally more information provided than in a restricted laboratory
setting. In the real world objects also tends to follow certain con-
strains such as movement along their own intrinsic axes of sym-
metry (e.g. locomotion). All of these may help minimizing
perceptual biases. In the absence of this, however, stimuli, even if
they contain a host of motion signals, show substantial biases
when moving off cardinal axes.Acknowledgment
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A.1. Non-parametric mode testing
When looking at the scatter plots of the data (e.g. Fig. A.1A), it
became clear that, occasionally, data exhibited more than one
mode (bimodalities). Data were therefore treated with a mode
detection technique (Fisher & Marron, 2001; Silverman, 1952,
1986) using bootstrapping to asses statistical signiﬁcance (Efron,
1979; Low, 1983). Mode testing relies on kernel smoothing to
avoid the drawback of traditional histograms where bin width
and bin position have to be set manually. Different choices of
width can either camouﬂage important modes or introduce some,
which are merely due to sampling artefacts. Silverman (1986) pro-
posed the following kernel estimator:








where hi are the data, h are the directions, n is number of samples,W
is a window function, e.g. a Gaussian kernel, and h is the bandwidth.
Each data point is smoothed using the kernel and the results
summed to provide a smoothed distribution of the data. Depending
on the bandwidth, h, different distributions of the data are obtained.
Increasing the bandwidth decreases the number of modes as illus-
trated in Fig. A.1B. This is equivalent to increasing the bin width
of a traditional histogram. Silverman (1981) proposed several meth-
ods to select the optimal h. One was to formulate a critical band-
width, h0, which balances the distribution between k and k + 1
modes, where k is an integer. Silverman (1981) formulated the null
hypothesis that the distribution holds e.g. one mode (k = 1), against
the alternative that it holds more than one mode (k > 1). Using a
goodness of ﬁt test statistic (Watson, 1961) and bootstrapping
(Efron, 1979; Low, 1983), p-values can be obtained to assess signif-icance. To draw a bootstrap sample from a smoothed distribution,





ðXIi þ h0eiÞ ðA:2Þ
XI are the data (sampled with replacement), r is the variance of
the data, h0 is the critical bandwidth and e is an independent ran-
dom numbers from a normal distribution. For each bootstrap sam-
ple, a T-test statistics is calculated. The probability that the
distribution has less than k modes is then obtained as:
p ¼ B RðTÞ
Bþ 1 ðA:3Þ
where R(T) is the rank of the test statistics T and B is the number of
bootstrap samples.
Fisher and Marron (2001) argued that not all peaks (maxima) in
a distribution should be considered modes. They suggested that
speciﬁc criteria such as the minimum height of a mode (k0) or a
minimum mass, m0, should be considered. The mass of a mode is
deﬁned as the amount of probability, which is contained within
the part of a peak that exceeds the level set by a local minimum.
This excess mass is the area under the distribution and above the
horizontal line in Fig. A.1B. Details can be found in Fisher and Mar-
ron (2001). Accordingly, it was proposed to elaborate Silverman’s
method by including a speciﬁc height criterion, k0, and a speciﬁc
mass criterion, m0. The critical bandwidth can then be found by:






mi is the excess mass of the distribution’s modes (Fisher & Marron,
2001). The analysis starts by selecting a sufﬁciently large band-
width, h, so that the smoothed distribution (f) only has one mode
(S2 = 0). h is then reduced until Sk(f) > 0, which, for k = 1, occurs
when a second modes arises. However, for this mode to be included,
it has to be larger than k0. The difﬁculty of selecting k0 lies in the fact
that the variance of the data and number of peaks determines the
absolute height of the peaks. Therefore, selecting an absolute k0
would be equivalent to limiting the variance within each mode. In-
stead of ﬁxing k0, modes were based on the relative height of the
peaks: only peaks, which are at least half the height of the maximal
peak k1, were considered a mode. Based on the height of the second
peak, k2, the height criterion is:
k0 ¼ k1k2 P 0:5 ðA:6Þ
For our data with N = 30, a bimodal distribution, under this cri-
terion, will contain N = 20 for the largest mode and N = 10 for the
smaller one if the criterion is just met. A peak with fewer data
points (N < 10) will not be considered a mode. When bimodalities
are identiﬁed in this way, each individual mode will consequently
contain fewer data points than those distributions classiﬁed as
unimodal.
The entire procedure was as follows. From the raw data, the
critical bandwidth was found using Eq. (A.4). This required the cal-
culation of the height and mass of each mode (Eqs. (A.5) and (A.6))
and both criteria had to be met. For this critical bandwidth, statis-
tical signiﬁcance (Eq. (A.3)) was obtained by 1000 bootstrap repli-
cations (Eq. (A.2)), drawn from the data.
The following provides an example of this analysis for a single
condition (Cross_37_45) for one observer (CM). Fig. A.1A shows
the scatter plots of the raw data and Fig. A.1B shows the effect of
Fig. A.1. Illustration of the mode testing analysis. (A) Scatter plots of sample data for one observer (CM) and one condition (Cross_37_45). Data histograms are given as a
function of the direction of motion. (B) Examples of the smoothing process (Fisher & Marron, 2001; Silverman, 1986) for three of the 16 directions of motion (90, 26 and
180 deg), for a range of bandwidths (along each of the rows). Within one of the diagram, the heights of the major (k1) and second peak (k2) are shown. The excess mass,m0, of
a mode is given by the area under the curve and above the vertical line (local minimum). Top row: data for direction 90 deg. The critical bandwidth is for h0 = 4.99 (a
secondary peak can be seen for h0 = 4.5) and the distribution classiﬁed as bimodal (p < 0.003). Middle: the critical bandwidth is at h0 = 15.5 for a direction of +26 deg (bimodal;
p < 0.001). Bottom: the critical bandwidth fails to meet the criteria and is classiﬁed unimodal (p = 0.98) for a direction of 180 deg.
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Table A.1
Result of the mode-testing algorithm for the data in Fig. A.1. The numbers in bold indicate the directions, which were classiﬁed as containing bimodal distributions.
CM Cross_37_45 k0 = k1/k2 > 0.5, m0 = 0.01, B = 1000; BOLD indicates p < 0.05
Dir. 154 135 116 90 63 45 26 0
p-Value 0.4226 0.4076 0.3347 0.0030 0.8462 0.5265 0.2577 0.6683
Dir. 26 45 63 90 116 135 154 180
p-Value 0.0010 0.6404 0.9820 0.3137 0.0110 0.7812 0.0270 0.9780
Table A.2
Result of the analysis used to identify minor modes/outliers by setting k0 = 0 and m0 = 0.01.
CM Cross_37_45 k0 = 0, m0 = 0.01, B = 1000; BOLD indicates minor modes/outliers
Dir. 154 135 116 90 63 45 26 0
p-Value 0.0080 0.5050 0.0699 0.0020 0.0040 0.7305 0.3613 0.5689
Dir. 26 45 63 90 116 135 154 180
p-Value 0.0020 0.1397 0.5788 0.0020 0.0060 0.0020 0.0479 0.0160
34 C.M. Magnussen et al. / Vision Research 91 (2013) 21–35various bandwidths on the resulting distributions for three direc-
tions of motion (90, +26, +180 deg). Note that for illustrative pur-
poses, the process of smoothing was continued in Fig. A.1B beyond
the point where the critical bandwidth was reached. The critical
bandwidths and p-values for the speciﬁc example are given in
the ﬁgure legend. The more separated the modes, the larger the
critical bandwidth (h0) and the more likely the underlying distribu-
tion will be judged bimodal. Table A.1 lists the probabilities of con-
taining more than one mode (if p < 0.05) obtained from the data in
Fig. A.1.
Following the mode testing procedure, a second test is carried
out when the distribution was classiﬁed as unimodal, in order to
identify and remove minor modes and potential outliers. This is
achieved by setting k0 = 0. Table A.2 shows signiﬁcant p-values
from this test in bold for those directions of motions, which were
classiﬁed as unimodal (i.e. p > 0.05) in the ﬁrst test and found to
contain minor modes in the second test. After running the two
tests (with k0 = k1/k2 and k0 = 0) the distributions were classiﬁed
into three groups: bimodal, unimodal and unimodal with minor
modes. In the latter case, minor modes/outliers were removed.
The means and SEM were then calculated for each mode.
For this particular example, directions of 90, +26, +116 and
154 deg were classiﬁed as bimodal. Several directions (154,
63, 90, 135 deg), which were classiﬁed as unimodal by the ﬁrst
test, were classiﬁed as unimodal with minor modes or outliers in
the second test. The minor modes/outliers for these conditions
can be appreciated from the corresponding scatter plots. Note that
the speciﬁc condition presented here was selected to illustrate the
analysis because it contains distributions with bimodalities as well
as minor modes and outliers. This condition is, however, one where
more minor modes and outliers were found than in any other con-
dition and is not representative of the data in general. Across all
distributions (9 conditions  3 Observers  16 directions of mo-
tion = 432), a total of 39 (9%) contained minor modes/outliers. This
resulted in a total of 140/12960 (1%) of data points, which were re-
moved from subsequent analysis. About half of these points were
contained in minor modes rather than isolated outliers. The major-
ity of the removed points were in two conditions (Cross_37_45 and
Cross_40_120 for CM).References
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